Majorana fermions were envisioned by E. Majorana in 1935 to describe neutrinos. Recently it has been shown that they can be realized even in a class of electron-doped semiconductors, on which ordinary s-wave superconductivity is proximity induced, provided the time reversal symmetry is broken by an external Zeeman field above a threshold. Here we show that in a hole-doped semiconductor nanowire the threshold Zeeman field for Majorana fermions can be very small for some magic values of the hole density. In contrast to the electron-doped systems, smaller Zeeman fields and much stronger spin-orbit coupling and effective mass of holes allow the hole-doped systems to support Majorana fermions in a parameter regime which is routinely realized in current experiments.
Recently some exotic condensed matter systems, such as the Pfaffian states in fractional quantum Hall (FQH) systems [1] [2] [3] [4] , chiral p-wave superconductors/superfluids [5] [6] [7] [8] [9] , topological insulator (TI) [10] , as well as a ferromagnet-superconductor heterostructure [11] , have been proposed as systems supporting quasiparticles with non-Abelian statistics [12] . These systems allow a special type of quasiparticles called Majorana fermions which involve no energy cost. The second quantized operators γ i for the Majorana excitations are self-hermitian, γ † i = γ i (particles are their own antiparticles), which lies at the heart of their non-Abelian statistical properties. Due to the fundamental difference of Majorana fermions from any other known quantum particles in nature, the emergence of these particles in solid state systems would in itself be an extraordinary phenomenon. Their potential use in fault-tolerant topological quantum computation (TQC) [12] makes their realization in controllable solid state systems even more significant.
It has been shown recently [13] [14] [15] [16] [17] [18] that an electrondoped semiconducting thin film or nanowire with a sizable spin-orbit coupling can host, under suitable conditions, Majorana fermion excitations localized near defects. This proposal followed on an earlier similar proposal in the context of cold atomic systems [19] . When the film or the nanowire is in the presence of a Zeeman splitting V z (with Landé factor g * e ) and an s-wave superconducting pair potential ∆, which can be proximity induced by a nearby superconductor, the system enters into a topological superconducting (TS) state for
Here µ is the chemical potential in the semiconductor which is controlled by the density of doped electrons. Despite the theoretical success, the requirement Eq. (1) for the TS state in an electron-doped nanowire leads to two obvious experimental challenges: a low electron density and a high magnetic field. For a small carrier density a nanowire tends to become insulating due to the strong disorder-induced fluctuations of the chemical potential.
A high magnetic field, on the other hand, can be detrimental to pairing as well as s-wave proximity effect itself.
In this Letter we show that a hole-doped semiconductor nanowire can solve all these problems encountered in the electron-doped systems. The hole-doped nanowire is very different in many respects from its electron-doped counterpart due to its different band structure and the value of the effective spin of the carriers. For some "magic" values of the carrier (hole) density the threshold Zeeman splitting for the TS states and Majorana fermions can become very small, therefore the constraint on the carrier density as given in Eq. (1) is absent for the hole-doped nanowires. Furthermore, the effective mass and spin-orbit coupling in the p-type valence band holes are much larger than electrons, which leads to a larger Fermi vector k F . This larger k F leads to a larger required carrier density (∼ 10 6 cm −1 ) for the TS state, which, remarkably, is now routinely achieved in many experiments [20] [21] [22] . The large carrier density provides strong screening of the disorder potentials, leading to much smaller fluctuations of the chemical potential [23] in the nanowire. Furthermore, the small ratio between the Zeeman coupling and the spinorbit energy (orders of magnitude smaller than that in the electron-doped systems) leads to a small carrier mobility requirement for the hole-doped TS state (3 order of magnitude smaller than that for the electron-doped TS state), as pointed out recently in [24] . Let us also point out that the superconducting proximity effect on a hole-doped nanowire has been observed in recent experiments [22] . It seems therefore that a Majorana-carrying TS state is tantalizingly close to experimental reach in a hole-doped nanowire.
Set-up and Hamiltonian: The experimental setup is illustrated in Fig. 1a , where a hole-doped semiconductor nanowire is placed on top of an s-wave superconductor. We focus on large-band gap semiconductors, where the single particle Hamiltonian of holes is described by the four-band Luttinger model [25] (henceforth we set = 1, and m = −1),
where α is the Rashba spin-orbit coupling due to the inversion-symmetry breaking, and the fourth term is the Zeeman field V z = g * h µ B B generated by the external magnetic field along the z direction. J is the total angular momentum operator for a spin-3/2 hole, γ 1 and γ 2 are the Luttinger parameters. Note that here the relation between V z and B differs from Eq. (1) by a factor 1/2 because we use the spin-3/2 matrix J z , instead of the Pauli matrix which was used for Eq. (1) [13] (thus the required B for the same V z is smaller by a factor 1/2).
To simplify the calculations we assume a rectangular cross-section of the nanowire with the widths L y and L z . The strong confinement along the y and z directions makes the energy levels quantized on these axes. To illustrate the emergence of the Majorana fermions, we first consider a single band, i.e., the lowest energy state along the y and z directions. Using the ground state wavefunction φ(y, z) along the y and z directions, the original Hamiltonian (2) in 3D can be projected to an effective 1D form
where
/2 is the shifted chemical potential due to the confinement.
In Fig. 1b , we plot the energy spectrum ε S of the Hamiltonian (3) for holes in an 1D geometry. There are two heavy hole and two light hole bands. If µ lies in the shaded region, it intercepts only one Fermi surface. An odd number of Fermi surfaces implies a breakdown of the fermion doubling theorem (due, in this case, to the Zeeman splitting), which yields, in the presence of a superconducting pair potential, the required TS state for Majorana fermions [10] . The position of the shaded region (the TS state) is determined by the Hamiltonian (3) at k = 0 that depends on the parameters γ 1 , γ 2 , L y , L z , while the width of the shaded region is determined by V z . The large effective mass and strong spin-orbit coupling of the holes lead to a high density n = kF 0 dk/2π ∼ 10 6 cm −1 of holes in the TS state. Such a high density is routinely realized in nanowire experiments [20] [21] [22] . The high carrier density provides a strong screening of the disorder potential, suppressing the spatial chemical potential fluctuations and disorder effects [23] .
The superconducting pair potential can be induced in the hole-doped nanowire through the proximity contact with an s-wave superconductor (Fig. 1a) , as demonstrated in experiments [22] . This yields the Hamiltonian,
whereψ † mJ are the creation operators for holes with the angular momentum m J = 1 2 , 3 2 and ∆ smJ (r) is the proximity induced pair potential. The form of the pairing Hamiltonian is dictated by the fact that ∆ smJ couples particles with m J with particles with −m J , and should be determined through the microscopic theory of the proximity effect [26] .
Taking account of the spin-3/2 and the particlehole degrees of freedom in the superconductor, the Bogoliubov-de-Gennes (BdG) Hamiltonian can be written as an 8 × 8 matrix
in the Nambu spinor basisΦ(x) = ψ (x), Υψ
(x)). Parameter space for the topological state: In a 1D nanowire, the parameter regime for the Majorana fermions (in 1D the Majorana fermions are localized at the two end points) can be determined by the topological index M [27, 28] defined as,
Here Pf represents the Pfaffian of the anti-symmetric matrix Γ(k) = −iH BdG (k)(ς y ⊗ Υ), ς y is the Pauli matrix, H BdG (k) is the corresponding BdG Hamiltonian in the momentum space (−i∂ x → k), and a is the lattice constant. M = −1 (+1) corresponds to the topologically nontrivial (trivial) states with (without) Majorana fermions. Using the fact that Γ(k) is an anti-symmetric matrix that can be diagonalized by a lower triangular matrix [29], we find
through a straightforward calculation.
In the continuous limit k = π/a → ∞, the k 2 terms in the single particle Hamiltonian H 1 (k) dominates and all other terms in Γ(k) can be neglected. In this case, it can be shown that sgn[Pf{Γ(k)}] = sgn[det (H 1 (k))] = 1, therefore M is solely determined by the sign of Pf{Γ(0)}. Pf{Γ(0)} can be derived analytically from Eq. (7), yielding M = sgn [F ] , where
y /2. Since M changes sign when F changes sign, the phase boundary between the topologically trivial and nontrivial states can be determined by setting F = 0.
When the ratio η = ∆ s3/2 /∆ s1/2 ≥ ∆ becomes nonzero, but is still much smaller than that for the electron-doped semiconductors. Therefore the relative signs of the pair potentials should not matter in realistic experiments because a reasonable V z is always needed to generate a sizable chemical potential region for the TS state. In Fig. 2 , we plot the boundary F = 0 between topologically trivial and non-trivial states for different µ, V c z and η. The TS states for a fixed V ef f at k x = 0 and V z = 0 does not imply the zero ∆ at a finite V z and k x . For a large k x , the coupling between heavy and light holes becomes important and the minigap is finite for a large V z even at the magic µ 0 (see Fig.  3b ).
Henceforth, we consider two representative cases to further illustrate our results: (I) ∆ s3/2 = ∆ s1/2 = ∆ and (II) ∆ s3/2 = −∆ s1/2 = ∆. For the a reasonable large V z , both pairings yield similar observable signals. The corresponding topological region is plotted in Fig.  3a . In the case (I), the TS states exist in the region |μ −μ 0 | |V z |/2 for both positive and negative V z . The transition at V z = 0 (at which the superconductor is gapless and non-topological) is a quantum transition at which neither the symmetry of the system nor the topological properties change as a function of V z . Note that the system crosses the phase transition boundary lines twice when V z changes from −∞ to +∞ for a fixedμ, except at the magic valueμ 0 . At the phase boundary, the quasiparticle energy gap closes and the superconductor becomes gapless. At the magicμ 0 , the two lines of the phase boundary merge at V z = 0, therefore the superconductor is gapped and topological for all V z except at V z = 0. In the case (II), the threshold V 1 meV) , the required magnetic field B is ∼ 0.35 T, which is about 1/3 of the corresponding B for electrondoped InAs nanowires (with the same material Nb as the adjacent superconductor) [17] , and can be easily realized with a bar magnet without affecting the superconducting pairing. Therefore, we find that irrespective of the relative sign of ∆ s3/2 and ∆ s1/2 (which can only be determined from a more microscopic calculation [26] ) the threshold B for the TS state in the hole-doped case is much smaller than that in the electron-doped case. The fact that the Majorana fermions can be observed even with a small magnetic field opens the possibility of using a wide range of semiconductor materials with only small g * h factors [21, 22] and is one big advantage of using holedoped semiconductors.
To further confirm the existence of the Majorana fermions in the above parameter regime, we also numerically solve the BdG equations (5) and obtain the energy spectrum and eigenstates. The Majorana fermion corresponds to a zero energy eigenvalue in the BdG spectrum. Henceforth, we present our results only for the case (I), but have confirmed that the results for the case (II) are similar. In Fig. 3b , we plot the ground and the first excited state energies. The ground state energy becomes zero in the region µ c2 < µ < µ c1 . In the same parameter region, the topological index M = −1 (Fig. 3a) , agreeing with the numerical results. The solution of the BdG equation also yields the minimum energy gap (minigap) above the zero energy states. At this gap and above there are other, finite-energy, states localized at the end points of the wire. The minigap therefore provides the protection for the Majorana states from finite temperature thermal effects. We see that the minigap is of the same order of the pairing gap ∆ ≃ 1 meV, which means that the Majorana fermion physics can be accessed at the experimentally accessible temperatures T < 10 K.
Effects of multiple confinement bands: In a realistic experiment, multiple confinement energy bands along the y and z directions need be taken into account [18, 31] because they are mixed with each other by the large spin-orbit coupling. Considering the lowest n confinement bands, the BdG Hamiltonian can be written as an 8n × 8n matrix similar as Eq. (5) with the matrix elements replaced with the corresponding multiband forms. Specifically,
, where φ i (y, z) is the wavefunction on the ith band in the yz plane.
Υ is replaced with Υ n = I n ⊗ Υ. The Nambu spinor basis becomeŝ
T as the hole annihilation operator on the i-th band.
We also assume there is no superconducting pairing between holes at different confinement bands, therefore ∆ Sn = I n ⊗ ∆ S . Following a similar procedure as that for the single band, we derive the topological index
for the multiband model.
Here we consider only the lowest two relevant energy bands (l y = 1 and 2, l z = 1). In Fig. 3c , we plot the parameter regime for the TS state when the multiple confinement induced bands are included. The parameter regime for the TS state now has some quantitative difference from that in the one-confinement-band case. However the basic conclusion remains the same, that is, the Majorana fermions can be realized even with very small Zeeman fields. In Fig. 3d , we plot the energies of the ground and first excited states by solving the relevant BdG equations in the multiband model. The figures confirm that the two methods -topological index and numerical solutions of BdG equations -yield the same results. In the multiband model, the minigap is slightly reduced, but still at the same order of ∆.
In practice, ∆ may depend on the material as well as the interface between the superconductor and the nanowire. Although the parameter regime for the emergence of Majorana fermions does not change much as a function of ∆, the minigap has a strong dependence on ∆. In Fig. 2b , we plot the minigap with respect to ∆ in the multiband model and find that E g ∼ ∆ (similar as the electron-doped case [15] ), instead of ∆ 2 as in a regular s-wave or a chiral-p wave superconductor. Therefore the minigap is rather large, which ensures thermal robustness of the Majorana fermions.
Conclusion: The list of systems capable of supporting a non-Abelian TS state now includes the filling factor ν = 5/2 FQH state, chiral-p wave superconductors/superfluids, topological insulators, and electrondoped semiconductors. To this list we have added a new system, a hole-doped nanowire, as a possible nonAbelian platform. Although the roster is growing, ours is not an ordinary addition. As we have shown here in detail, the requirements (carrier density, magnetic field, g-factor, etc.) for the TS state in a hole-doped nanowire are already accessible in experiments. Thus this system can be a potential breakthrough facilitating solid-state demonstration of Majorana fermions as well as realization of TQC using a nanowire network. 
